
DEMI-LAGRANGIAN SUMES for HAMILTON JACOB EQUATIONS

Elisabetta CARLIN

SAPIENEA UNIVERSITYof ROTE, ITALY

Outeine

· Optimal Control Problems (FINITE and INFINITEHORIZON)

· Dynamic ProgrammingPRIncipu and HAMILTON
JACOBI

BELLAN EQUATIONS
(AJB

· NUMERICAL METTODS:SEMI-LAGRIAN SCAEMES

. APPLICATIONS and NUMERICOLTESTS

OPTIL CONTROL PROBLEMS

-problem min 5(())
2(-)=es

ST of FUNCTIONS
d =set of momissible controls

CC1 = et =9c:[,to[- A / 211 measurable functions]

Ais SODoDoMAIN ofthe functions in al

wolledmic y(t) = i 1⑪ (y(t) =f(y(t),x(t)) e(0) =xy

given 8:RxA -bR DRIFT A C IR* (tipically n big,m is smell)

C:TO,t-A = IR

f(x,a) = i G(t)= ·Esein I i
de(t)

I
2m(t)



-S If d is continuous w.rto time and I is continuous
21t)

with respect y, e then 1 (o,d(-1) is continues -

Butgenerally d is masurable
d

t*

CARATODORY'S ESENETHORER
- extend solution of, allowing solutions that raze not

evezuwhere differentiable

REM IfI is hipsmithrespect to forI
ach fixedt, fly, (1) iseblein Afor y then

I! INTEGRAL SOLUTION Of D, i.e. y: o,r)
-A

s.t. yG =

x +f(y),a(s).)ds
where wao.

t ↳
-3

-4
-

.. ·E a
-

Ifatzen
x

X

⑮S If I fixed, there is only one trejectory

If I change, I get infinite trejectory

--x,
⑧

#
3x,2



THE INFINITEHORIZON PROBLEM

Dinamics (**(ys,
essise

⑬

TFactorals:Eeni
-x5

Jxx1) =gecy,aste as

where yx,)
denotes thestation to

long time horizon - INFINITEHORIZON

·l:Rx A-s R RUNNING cost

·XER, DISCOUNT RATE

Io, xbig

Between all the Arajectors passing
theaugh

x,
Iwant to find the one thatmirmize I

I find a
*

Cifit exists) s.t.

Jx(*) =Jxx) y d+a, x+

the
D
INTRTAGYN MxRUM PRINCIPEgives necessary-
condition for the optimalityofaand y*.

X
OENGOPCONTROL:a depends ontime

Twin The system willnotbe able to react

to possible perturbation
->

time



We look for a FAADBACK CONTROL, i.e.

e
control thatwill depend on the state

andwill erect to change in the Aheozital trejecoy
The feedback control is obtained in DINAMIC

PROGRAMMING

FEADBACK CONTROL:controls which consider also

position, i.e. a antral in close

from CY)
"I know how to moove according where I

am

TheDYNARI PROGRAMMING PRINCIPE (Belli
(DPP)

Let ur

activethe una
rete Ce

↑deet
X ·

xstarting point for the dynamic <

24
I choose the dynamic which minimizes the cost.

The DPP express that to achieve the minimum it

isnecessary

a) to evolve the system with an arbitrazy amirol
a in to, E]

b) pay the cost elys,asex as
-xt

Ipay what
remains to pay -Y,tle

d) minimize over all possible



CDPP) The value function antiofies:format to

-
xS

wersElys, acsile astsy**
where yx satisfies

#F (50 Richard Bellmen (maintyfor discute
time denomic

o became standard topic in deterministic

optimal control problems

See also the book

Bardi-Capuzio -Batta "Optimal Control Problems and

Visority Solutions of Hamilton- Jecoli- Equations"

MAIN ASSUMPTIONS this assumption cal

be reloxed. Itis

mo
enaugh

1) A is a compact subject of i C A topological space
2) f, e are med, All M,Hell
3) Fit are winous in (y,)

*) f, e are lip, continuous
in wirto thefirstveniable, i.e.

If(x,d) - f(y,a)(s(1x - y) x,ye,taeA

Ie(xal- ey,all Ix- y) Xxye, 0e=A



SOPROPERTIES of the VE FUNCTION

em:Under our assumptions the Value functionis

1) bound

2) . Lipschitt continuous on i

Let us assume that there exist 4* thatachieves the

minimum, letus call y*(s)=yx,*
vix) =Jely*, *Cs)e*S -wy*(t)**

-xt
Add and remove ve and divide byt

-
xt

e +vy*etes
E

&

+2-xext (y)-ey,*0

-v.x,) *,cal
- xt

+ -0
1-e -D -
-

t

-(t)-
vx)e - Yw(y*(a).y*(0) = - Xu(x).f(x,a*(a)

Secyes,2s" elya, c*(a)

Atthe end, let us call cole

Xo(x - Vu(x-f(x,a) - e(x,a) =0



SETIONARYHAMILTON-JACOBI- BELMAN EQUATION
FIRST ORDER NON LINEAR PDE
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